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ABSTRACT 
We give a counterexample to a conjecture about the possible Jordan normal forms 
of nilpotent matrices where the entries in the upper triangular part are prescribed. 
0 Elsevier Science Inc., 1997 
Let A = [ai,j] be an n X n matrix where the entries ai, j, with i <j, are 
fixed constants, all the other entries are distinct variables, and trace A = 0. A 
completion of A is any matrix that can be obtained from A by replacing the 
variables by arbitrary constants. Let %? be the set of all the completions of A. 
Define 
t-( Ak) = ~~~rankC”. 
The matrix A is said to be irreducible if, for every t E {l, . . . , n - l}, the 
submatrix of A lying in rows 1,. . . , t and columns t + 1,. . . , n is different 
from zero. 
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Let n,,...,np be positive integers such that n, B -** 2 np and ni 
+ *** +n, = n. In [6], L. Rodman and T. Shalom showed that, if there exists 
a nilpotent completion of A with elementary divisors of degrees ni, . . . , np, 
then 
r(Ak) < C (“i-k) for k E {l,...,ni). (I) 
i: n,ak 
They conjectured that, conversely, if A is irreducible and (1) holds, then 
there exists a nilpotent completion of A with elementary divisors of degrees 
nl,. . . , np. The conjecture is proved, in particular cases, in [5]. Other results, 
related to properties of matrices with prescribed upper triangular part, can be 
found in the references. 
In this note, we give a counter example to this conjecture. Let 
A= 
110 0 0 0 0 00 
x2, 1 0 0 10 0 0 00 
x3,1 x3,2 0 0 0 10 00 
x4,1 x4,2 x4.3 0 0 0 0 00 
x5.1 x5,2 x5,3 x5.4 0 0 100 
X6.1 ‘6.2 X6,3 X6,4 X6,5 -1 0 0 0 
x7,1 ‘7x2 x7.3 x7.4 x7.5 ‘7.6 0 0 1 
X6,1 X6,2 X8.3 x8,4 ‘8,5 ‘8.6 ‘8.7 0 0 
x9,1 x9,2 x9,3 x9.4 x9.5 ‘9,6 x9.7 x9,8 0 
If we take all the variables xi, j equal to zero, we deduce that r( Ai) Q 5 and 
r(A2) < 3. Let A, be the principal submatrix of A lying in rows and 
columns 1, 2, 3, 4, and 6. It is not difficult to find a nonderogatory nilpotent 
completion C, of A,. The existence of a nonderogatory nilpotent completion 
C, of A,, is also guaranteed by Theorem 2.1 of [6] and by [8]. Let C be the 
completion of A that results from A on replacing the submatrix A, by C, 
and replacing all the variables in rows and columns 5, 7, 8, and 9 by zero. The 
matrix C is nilpotent and has elementary divisors of degrees 5, 3, 1. 
Consequently, r( A3) < 2, r( A4> < 1, and r( A5> = 0. If the conjecture were 
true, there would be a nilpotent completion D = [cI~,~] of A with the 
degrees of its elementary divisors equal to 5, 2, 2. Permute the 3rd and 4th 
rows of D, and then the 3rd and 4th columns. We get a similar matrix D’. 
Observe that, if d,,, = 0, then D’ would have a nonzero eigenvalue. 
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Therefore d,, s # 0. By direct computation, we deduce that rankCD’2) >/ 4. 
But, bearing in mind the degrees of the elementary divisors of D’, we must 
have ra~&(D’~) = 3. 
This example raises the question of deciding whether the conjecture is 
true if, in the definition of r( Ak >, the set 8 is replaced by the set of all the 
nilpotent completions of A. 
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